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placed by a needle having a small but finite thickness. How-
ever, this introduces the possibility of flow separation. If
the inclination of the body in the neighborhood of the axis of
symmetry is sufficiently small and the Reynolds number
sufficiently large, the region where the flow separates is pre-
sumably small with respect to the over-all body size. Hence,
the changes in the distribution of the pressure coefficient
and the skin-friction coefficient are small with respect to those
assumed here, so that the results of this paper are essentially
correct. On the other hand, if the inclination of the body
near the axis of symmetry is sufficiently large and the Reyn-
olds number sufficiently small, the extent of the separated
region becomes such that the flow pattern assumed in the
theory is unrealistic.
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Electrical Resistance and Sheath Potential Associated

with a Cold Electrode

Donawp L. TurcorTE* AND JaMES GrLLEsPIET
Cornell University, Ithaca, N. Y.

The boundary-layer resistance and the difference in sheath potentials between a pair of
electrodes have been measured in a shock tube. Using a small, square electrode and a strip
electrode flush with the wall of the shock tube, the electric current that could be drawn across
the shock tube was measured as a function of the shock wave position for several applied volt-
ages and load resistances. All measurements were made in air at a shock speed of 4.35 mm/
u sec and an initial pressure of 1 mm Hg. In the range of applied voltages considered, the
boundary-layer resistance was not a function of the current level. The change in the sheath
potential was of the order of several volts. A continuum theory is developed to predict the
boundary-layer resistance for small current levels and the sheath potential. The sheath
solution is separated from the convective compressible boundary-layer problem where ambi-
polar diffusion dominates. In the sheath, the iransport equations for ions and electrons in
an electric field are solved numerically. Resulting integrals for the dimensionless boundary-
layer resistance and sheath potential are evaluated, both in the sheath and in the compressible
boundary layer, to obtain results that can be compared with experiment. Values of the re-
sistance obtained, assuming the ionization reaction to be frozen, are not in agreement with

experiment. Reasonable agreement between theory and experiment is obtained for the mag-

nitude of the sheath potential.

I. Imtroduction

HE conduction and diffusion of charged particles to a
cold electrode are of considerable current interest. One
of the important techniques in plasma diagnosties is the use
of probes. In order to interpret probe measurements, it is
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necessary to understand the effect of the cooled region adja-
cent to the probe. Also, in magnetohydrodynamic devices
such as accelerators and generators, an understanding of the
electrical losses associated with cold electrodes is of funda-
mental importance. Sheath studies are also applicable to
re-entry problems. At high re-entry velocities considerable
ionization oceurs. As a result, electrical effects in the
boundary layer on the cool re-entry body can have a con-
siderable effect on heat transfer. To obtain a better under-
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Fig. 1 Schematic diagram of the shock tube test section
and the associated eircuits.

standing of electrical conduction near a cold wall at high
gas densities, a combined experimental and theoretical in-
vestigation has been undertaken. Some of the results are
reported here.

Probably the best way to obtain a plasma that is in thermal
equilibrium is by means of a shock wave. Unfortunately,
pressure-driven shock tubes are not capable of giving suffi-
ciently high temperatures to produce high-conductivity
plasmas. However, sufficient ionization is produced to
study conduction phenomena. If electrodes are mounted
flush with the walls of a shock tube, a current can be drawn
between them which must cross the cold boundary layers
that build up on the walls of the shock tube after the incident
shock wave passes. The amount of current drawn depends
on the resistance of the boundary layers.

The first investigation of electrical conduction in a shock-
tube boundary layer was carried out by Brogan.! A long
electrode was used, and the integrated conduction was meas-
ured as a function of the incident shock Mach number.
Other experimental investigations of the electrical conduction
in a shock-tube boundary layer have been carried out by
Pain and Smy? and by George and Messerle.3 In both of
these investigations, the current levels were so high that
nonequilibrium effects in the boundary layer dominated,
and the boundary-layer resistance was low. A theoretical
investigation of the problem has been carried out by Jukes,*
who extended methods used in discharge tubes to the bound-
ary-layer problem.

In the present investigation, small electrodes are used
which are capable of determining the local value of the
boundary-layer resistance and the difference in the sheath
potential between the pair of electrodes. However, the
dimensions of the electrodes are large compared with the
boundary-layer thickness, so that the path of the electric
current through the boundary layer is one-dimensional.
The currents drawn are sufficiently small so that the bound-
ary-layer resistance is independent of current level. A theory
is developed which predicts values for both the boundary-
layer resistance and the sheath potential.

II. Experimental Results

A standard pressure-driven circular shock tube was used
to obtain a slightly ionized plasma. All measurements were
made at an incident shock velocity of 4.35 mm/usec in air
with an initial pressure of 1 mm Hg. The degree of ioniza-
tion behind the incident shock was approximately 0.5 X

Fig. 2 Typieal oscillo-
T gram taken under the
Vau conditions Vg, = —6v,
A VB: = VB3 = 20v, R, =
/’ 100kQ., R = Rz =
— IMQ, P, = Imm Hg,
us = 4.30 mm /usec, Ty =
_ 298°K. Oscilloscope
—_— scales, beam I, 2 v/em,
t 20usec/ems; beam II,
10 v/em, 10usec/cm.

inside diameter of 13 in. The circular test section, 21 in. in
length, was attached to the end of the glass tubing. A
dump tank, separated from the driver section by a cello-
phane diaphram, was used to prevent reflected waves.

Three i-in. square copper electrodes were mounted 9.63
in. apart, flush with the wall of the Lucite test section. In
order to maintain reproducibility, it was necessary to clean
the electrodes periodically. Opposite the three square
electrodes, a copper strip electrode, $-in. wide, ran the entire
length of the test section. The strip electrode was grounded,
whereas the square electrodes were biased. The test section
is illustrated in Fig. 1. Also shown are the circuits that
allowed each square electrode to be biased. The first elec- .
trode was used for all resistance measurements, and the
voltage drop across the load resistor was monitored on the
upper beam of a Tektronix 555 dual-beam oscilloscope.
The second and third electrodes were monitored on the lower
beam of the oscilloscope, and the onset of the signals was
used to determine the shock velocity.

The experiment was designed so that the current path
was through the boundary layer adjacent to the square
electrode, through the plasma, and to the strip electrode
through the thin boundary layer immediately behind the
incident shock wave. Since the voltage drops across the
plasma and through the boundary layer into the strip elec-
trode were small compared to the voltage drop across the
boundary layer adjacent to the square electrode, they could
be neglected.

A typieal oscillogram is shown in Fig. 2. Immediately
after the incident shock wave passed the first electrode, the
measured signal was approximately equal to the applied
voltage. The boundary-layer resistance was small com-
pared with the load resistance. After the shock proceeded
some distance down the tube, the resistance of the boundary
layer Rpz was of the same order as the load resistor By, and
the measured voltage decreased. The equivalent circuit
is shown in Fig. 3.

In Fig. 4, the voltage drop across the load resistance is
plotted against the distance behind the incident shock for
bias voltages of 6.0, 3.0, 1.5, —1.5, —3.0, and —6.0 v. All
runs were at a shock velocity of 4.35 mm/usec with a load
resistance of 100 £Q. Two observations can be made on
Fig. 4. TFirst, the boundary-layer resistance appears to be
independent of the applied voltage. Second, the voltage

Fig. 4 Voltage drop across the load resistor as a function

of the distance behind the shock wave for several battery

voltages; Rr = 100k, P; = 1 mam Hg, us = 4.35 mm/usec,
T, = 298°K.
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curves all increase as though an additional battery were in
the circuit whose strength is a function of the distance behind
the incident shock. This shift is attributed to the difference
between the sheath potential within the boundary layer
adjacent to the square electrode and the sheath potential
within the boundary layer adjacent to the strip electrode.
The difference in sheath potentials AV, is included in Fig. 3.
In order to verify the foregoing points, cross-plots of the
voltage drop across the load resistance against the applied
voltage for three positions are given in Fig. 5. Clearly,
within the experimental scatter the slopes of the curves
dVx/dVs are independent of the applied voltage Vs The
boundary-layer resistance is given by the relation

Bpr = RL[(dVs/dVE) — 1]

The boundary-layer resistance is the ratio of the increment
in voltage AV required to drive a current I through the
boundary layer to the current. The value of Vz when Vp =
0, i.e., when no current flows, must equal the difference in
sheath potentials between the two electrodes, AV ..

In Fig. 6, the measured boundary-layer resistances are
plotted against position. In addition to the data obtained
with a load resistance of 100 %Q, additional data obtained
with a load resistance of 10 kQ are presented. Further dis-
cussion of these results will be postponed until a theory is
developed. In Fig. 7, the difference in sheath potentials
AV, is plotted against position. It should be emphasized
that this measured sheath potential is actually the difference
between the sheath potentials across the two boundary lay-
ers. The sheath potential across the boundary layer ad-
jacent to the strip electrode is a constant, since the current
always follows the same path relative to the shock front.
The effect is to displace the measured sheath potential, a
constant value from the sheath potential adjacent to the
square electrode alone. Since the accuracy of the measure-
ments of the sheath potential decreased as the boundary-
layer resistance became large, it is difficult to determine the
absolute magnitude of the sheath potential even if it is as-
sumed that the sheath potential goes to zero as the boundary-
layer resistancebecomes infinite.

II1. Theory

In order to solve the problem of electrical conduction in a
boundary layer, it is necessary to consider simultaneously
the effects of viscosity, heat conductivity, diffusivity of the
many species, and electrical conduction. Clearly, a general
analytic solution to such a complex problem is not obtainable.
Fortunately, it is often possible to separate the electric con-
duction problem from the compressible boundary-layer
problem. The boundary-layer problem, including viscosity,
heat conduction, and diffusion, has been solved by Fay and
Riddell.® Numerical solutions are obtained after the partial
differential equations have been reduced to total differential
equations using similarity variables. A further discussion
of the necessary assumptions and the limitations of the solu-
tionsis given by Lees.

The problem of diffusion and electrical conduction adja-
cent to electrodes has been of interest in discharge tubes for
some time. A considerable literature exists which is sum-

er
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marized by Loeb.” Solutions obtained are characterized by
a thin region near the electrode where the electric field is
appreciable and the number densities of electrons and ions
are not equal. This region is generally known as a sheath.
Outside the sheath, the electric field is small and the number
densities of ions and electrons are nearly equal. The trans-
port of particles under these conditions is known as ambi-
polar diffusion. The sheath is required because of the very
different particle velocities of the ions and electrons. With-
out a sheath, the plasma would be depleted of electrons, and
a large space charge would occur. In fact, the region in which
the space charge is appreciable is the sheath.

It is found that the thickness of the sheath is of the order of
a debye length, A = (ekT/en.)''?, and in most discharge
tubes this length is small compared to a mean free path, so
that a collisionless sheath solution is appropriate. The
collisionless sheath solution has been matched to a stagna-
tion-point boundary-layer flow by Talbot.® However, in
many flow problems such as the one considered in this paper,
the density and degree of ionization are such that the collision-
less sheath theory is not appropriate.

If the sheath thickness is large compared to the mean free
path, the entire problem may be solved using continuum
equations. A solution in this limit has been given by Cobine,®
but diffusion effects were not considered. Sturtevant®
has solved the combined diffusion-conduction equations for
the time-dependent, one-dimensional initial-value problem.
An analytical solution for the sphere in an infinite plasma
without flow has been obtained by Su and Lam?!! in the limit
of large voltage difference. Chung!? has solved the Couette
flow problem, including compressibility effects. Chung also
matched his solution to a stagnation-point flow. The pres-
ent authors previously presented!® a similarity solution of
the combined conduction and diffusion equations which
could be matched to various external flows. This method
is extended here to include compressible flows.

If the degree of ionization is low, then the presence of
charged particles does not affect the solution for the velocity
and temperature in a flow problem. If, in addition, the
sheath thickness is small compared with the boundary-layer
thickness, then convection may be neglected in solving the
electrical conduction problem. As a result, the problem
originally posed may be separated into two parts. The flow

2

|k

AV o0 0

o B , )
=]

(v) X (cm) 0 o g

-2L

Fig. 7 Dependence of the difference in sheath potentials
on the distance behind the shock wave; Rr = 100 kQ, P,
= 1 mm Hg, us = 4.35 mm/usec, T) = 298°K. .
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problem is solved neglecting the sheath. The sheath prob-
lem is solved neglecting flow. The solutions are matched to
give the complete solution. The present theory is analogous,
then, to the theory of the laminar sublayer in a turbulent
boundary layer where convection is also neglected.!*

The structure of the sheath will now be determined by solv-
ing the appropriate diffusion equations along with the Poisson
equation for the electric field. For the highly cooled bound-
ary layers considered, it is appropriate to consider only
laminar transport. Since the degree of ionization is very
low, it is assumed that the charged particles do not affect the
temperature distribution, and the transport equations can be
solved independently. The equations that determine the
structure of the sheath may therefore be written as® 1. 2

D (dK./dy) + (e/kT)DaK.E = —F, (1
aD;(dK./dy) — (e/kT)DinK.E = —F; 2
dE/dy = (en/e)(K; — K.,) 3)

where 7 is the number density of particles, and K; and K, are
the mole fractions of ions and electrons, respectively. In
writing Eqgs. (1-3), it is assumed that the mobilities of the
charged particles p, and u; are given by the Einstein relations:

e = Doe/kET i = Die/kT (4)

The ion and electron temperatures have been taken to be
equal. The effect of a thermal gradient on the diffusion
and on the electric field has been neglected in writing IEqs.

Fig. 8 Dependence of the dimensionless electric field in
the sheath on the dimensionless distance from the wall.

(1-3). The flux of electrons F. and the flux of ions F; are
constants. The difference between the ion flux and the elec-
tron flux is proportional to the electric current density,

j=eF:—F) ®

and is determined by the external circuit. The flux of ions
to the wall is determined by the solution of the convective
boundary-layer problem.

The binary diffusion coefficient for ions D; can be based on
the neutral-neutral cross section provided that 1) ion-neutral
collisions dominate the charged particle collisions, and 2)
charge exchange is not important. Both of these conditions
should be satisfied in the experiments considered here. The
binary diffusion coeflicient for electrons D, is related to the
ion diffusion coefficient by D.,/D; = C(mi/m,)V2, where the
constant C is of order one and depends on the relative cross
sections for ion-neutral and electron-neutral collisions; the
dependence on the square root of the mass ratio comes from
the difference in particle velocities.

If electric conduction dominates, Egs. (1) and (2) may be
solved for the electric conduction according to

j=eF; — F,) = (e¢/kT)Dn.E (6)
which is the usual form of Ohm’s law, j = ¢E, with
o = (e?/kT)D.n, (7

At the other extreme, a purely diffusive solution is obtained
by setting K, = K; = K, and assuming F, = O(F,), with the
result :

onD;(dK./dy) = —F; )
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Fig.9 Dependence of the dimensionless number densities
of ions and electrons in the sheath on the dimensionless
distance from the wall.

The solution of Eq. (8) for the case F, = F;, zero current, is
known as ambipolar diffusion, where the ambipolar diffusion
coefficient D, is given by D, = 2D;. It will be shown that
the solution of Egs. (1-3) with j = 0 asymptotically ap-
proaches ambipolar diffusion at large distances from a wall.

Appropriate boundary conditions for Egs. (1-3) must
also be specified. For a cold wall in a high density plasma,
it is necessary that K,(0) = K;(0) = 0, which are the bound-
ary conditions used in the present analysis. However, as
the density of the plasma is decreased, it is expected that a
jump in the number densities of charged particles at the
wall may be required, just as a jump in temperature may be
required at a wall in rarefied gasdynamics. The third
boundary condition is used to match the asymptotic ambi-
polar diffusion solution. It will be seen that it is appropriate
to require that E — 0 as y — «, since the plasma away from
the wall cannot sustain charge separation.

To solve Eqs. (1-3), it is convenient to introduce the Ho-
warth transformation® on the independent variable:

yn

s=Jo v ®
where the subscript w refers to the value at the wall. Since
it is appropriate to assume that the gas pressure is constant
across the sheath, one has n/n, = T./T. It is also a rea-
sonable approximation to assume that

12De/N02Dew = 12D/nu2De, = ¢ (10)

where ¢ is taken to be a constant. Substituting Egs. (9)
and (10) into Egs. (1-3), one obtains

dK, e _ F,
NwDew ds + T, Don K E = . 11)
dKz [4 _ l’l
n,,,Diw ds - ]GTw DiwnwKiE = c (12)
B _ ¢ (K~ K) (13)
dS €

and it is possible to simplify the solution of Eqs. (11-13) by
introducing new variables according to

D5w26202 1/3 Diwzezcz /8
N = (F,.zeokTw) okl M= (FﬁeokTw) nke

o= E"; chemf_py))ﬂa E _ _ Fe? )1/3
- ]GT,,, F,;ez =8 D,;wcﬁ)kTw

with the result

(dM/dE) + MG = « (14)
(dN/d§) — NG =1 (15)
dG/dt = N — M (16)
where
a = (1/C)(mo/m)**[1 — (j/eF3)] (in
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with the boundary conditions M = N = 0 at £ = 0, and
G—0as £— «. Theadvantage of this formulation is that
there is only one variable parameter, .

Since Egs. (14-16) are equivalent to a third-order non-
linear differential equation, an analytic solution cannot be
expected. A numerical solution to the set of differential
equations has been obtained under the limitation that the
parameter j/eF; be small. That is, the flux of particles due
to current flow is small compared with the flux due to dif-
fusion. Expanding the dependent variables in powers of this
parameter and keeping only the linear term, one has

M = Mo -+ (j/eF )M,
N = No+ (j/eF:)N1 (18)
G = G+ (j/eF)Gh

Substituting Eq. (18) into Egs. (14-16), one obtains

(@Mo/dE) + MGy = (1/C)(me/m:)!/® (19)
(dNo/dE) — NoGo = 1 (20)

(@M./dE) + MGy + GoMy = (1/C)(mo/mi)¥* (22)
(AN:/dE) — NoGy — GoNy = (1/C)(me/m)Y2  (23)

A numerical solution of Eqs. (19-24) with (m:/m.)'2 = 230
and ¢ = 1 was obtained on a digital computer. The choice
of mass ratio corresponds to NO*, which is the principal ion
in air at low temperatures. The constant C is taken to be
one on the basis of cross-section data given by Brown.!s
Since the cross sections are, in fact, dependent on the electric
field, the assumption that C is a constant is one of the limita-
tions on the solution. The results of the computations are
given in Figs. 8-11.

An asymptotic expansion of the solution of Egs. (19-24),
valid for large &, is given by

I

It

Mo = 3¢ — &) + 0(1/8) (25)
No = 3(¢ — &) +001/8) (26)
Go = —[1/(¢ — &)] + 0(1/8) @7)

My = [(1/C)(me/m)?¢ + B] 4+ O(1/€9) (28)

Ny = [(1/On/mdve + B + 00/8)  (29)
- 2O (1)
@ E-tr T O\g) @

The asymptotic expansions are in good agreement with the
computer solutions if one takes & = 2.4 and B = 0.19. The
agreement is shown in Figs. 8-11. From Egs. (27) and (30)
it is seen that the electric fields associated with both ambi-
polar diffusion and with current flux approach zero away from
the wall. The reason for this is that the solution cobtained
here is for pure diffusion so that My ~ Ny ~ £ and G ~
1/Ny ~ 1/ ¥ with a similar argument for G;.

0 5 i 6 8

Fig. 10 Dependence of the dimensionless electric field due
to an electric current on the dimensionless distance from
the wall.
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ties of ions and electrons due to an electric current on the
dimensionless distance from the wall.

If one takes £ = 6 to define the edge of the sheath, then the
value of the transformed independent variable at the sheath

edge is given by
Diw kTw 1/3
8§ = 6 <%) (31)

and, in order to determine the actual sheath thickness, it is
necessary to know the temperature distribution in the sheath,
so that, with the requirement of constant pressure, Eq. (9)
may be solved. For any sheath problem adjacent to a cold
wall, Eq. (9) provides a means of calculating the sheath thick-
ness. Clearly, a calculation based on the debye length alone
is inappropriate, since no reference density . is available on
which to base the calculation. The sheath potential is re-
lated to G as follows:

_ 8 _ S5 £ _ — kT, £s 1
v, = —j; iy = - )% 7 Bds = = fo 7 God
(32)

It should be pointed out that the foregoing integral does not
converge unless the actual ambipolar diffusion problem with
convection is included. The evaluation of the sheath po-
tential is carried out in the next section. The resistance of
the sheath is related to G; as follows:

kT, &5

T
FA Jo 7. Gk (33)

where A is the area over which current flows. Again, an
actual evaluation is postponed until the next section. It
should be emphasized that the resistance just obtained
is valid only for small levels of the electric current. If the
current flux is comparable to the diffusion flux, of charged
particles, then a numerical solution of Eqs. (14-16) is re-
quired. '

IV. Comparison of Theory with Experiment

In order to discuss the experiments reported in Sec. 11
it is necessary to determine values of the important vari-
ables and parameters involved. The freestream and wall
conditions applicable to these experiments are given in
Table 1. The freestream conditions are obtained from the
shock tube charts for air by Feldman.® The velocity u. is
the velocity of the heated gas relative to the fixed shock
wave, and u, is the velocity of the wall relative to the shock
wave. The equilibrium number density of electrons n., is
based on the equilibrium equations given by Wray.'” The
mean free paths A are based on the neutral-neutral mean
free path for N3 The ionization relaxation time 7. is ob-
tained from the data of Lin.® The debye lengths d are
based on the freestream number density of electrons, since
it is the only finite reference value available. Since the
sheath is clearly much thicker than the wall debye length, a
continuum analysis is appropriate for the experiments con-
sidered here.
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Table 1 Summary of experimental conditions

Freestream Wall
Pressure, mm Hg 202 202
Temperature, °K 4560 298
Density, atm 0.0173 0.265
Velocity, em/sec 0.38 X108 4.35 X 108
Total enthalpy, cm?2/sec? 9.18 X 10w 9.45 X 10w
Electron density, electrons/ecm?®  1.235 X 1013 ~0
Tonization relaxation time, sec 1.24 X 10-%
Mean free path, cm 4.33 X 10~ 108

Debye length, em 1.32 X 10—

The theory developed in the previous section will be ap-
plied now. It will be assumed that it is appropriate to sepa-
rate the sheath problem from the compressible wall boundary-
layer problem. The equations governing the wall boundary
layers in a shock tube are identical to those for a flat-plate
boundary layer. However, the boundary conditions differ
in steady-state, shock-fixed coordinates. Solutions for
shock-tube boundary layers without chemical reactions have
been given by Mirels.!* Under the conditions considered here,
the only chemical reaction that appreciably affects the en-
thalpy of the gas is the dissociation of oxygen. From Table
1, it is seen that the total enthalpy at the wall, Ao, is ap-
proximately equal to the total enthalpy in the freestream,
how. It has been shown by many authors® that, if the
boundary conditions on the total enthalpy are the same and
if the Prandtl and Lewis numbers are near one, it is a good ap-
proximation to assume that the total enthalpy is constant
throughout the boundary layer. Therefore, it is assumed that
ho — ho = 9.45 X 10 cm?/sec?. For the region near the
wall where the concentration of atomic oxygen is small, the
temperature can be obtained from the usual equation for the
total enthalpy:

h/O - hw = %u2 + cp(T - Tw) (34)

if the velocity is known. Introducing an assumption on the
product of the density and the viscosity, the velocity profile
in the boundary layer does not depend on chemistry. Intro-
ducing the usual dimensionless variables,®

Porlteo 1/2 fy p u
= LA = =2
n <2me> 0 pe Y I %o
the momentum and continuity equations can be considered
to give

( or fm) + ffm =0 (35)
Pofd 7

and the appropriate boundary conditions are
atg =0: f=0, f, = 1145
fr—>1

Assuming a linear variation of the pu ratio, an approximate
solution for the velocity profile is found using momentum
methods.? The fifth-order polynomial for f which was ob-
tained can be written

f = 11459 — 6.1692 — 0.874%> 4 1.88* — 0.455%° (36)
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It will be seen that the important contributions to the re-
sistance and sheath potential are from the region adjacent to
the wall. Therefore, it is appropriate to use Eq. (34) to de-
termine the temperature. It is also consistent to use an
approximate expression for the temperature valid near the
wall. Keeping only the first four terms in powers of 5, the
temperature may be written

T/T. = 1+ 68.4n — 22.37° — 57.39% + 55.80* ~(37)

With this expression for the temperature, the integrals for the
sheath potential and boundary-layer resistance given in Sec.
IIT can be evaluated now.

First, the sheath potential from Eq. (32) will be deter-
mined. It is convenient to break the integral in Eq. (32)
into two parts. In the interval near the wall 0 < £ < 6,
the dependence of Gy on £ given in Fig. 9 is used. In this
interval, a linear expression for the temperature is used and
is written in terms of £:

T/T. =1+ 684y = 1 + 11.4n.¢ (38)

_ Bz; Polhe 2 DmCGOkTw 1/s
m. =6 pes <2umx> ( Fie? (39)

and 7, is the value of 5 corresponding to £ = 6, i.e., the edge
of the sheath. The inner contribution to the sheath poten-
tial is given by

where

-’ Tz GodE = —6.73 — 153.7n, (40)

and it is seen that the variation of temperature in the sheath
has a strong influence. Turning to the outer contribution to
the integral in Eq. (32), the asymptotic expression for G, given
in Eq. (27) is used. Using the temperature ratio as given
in Eq. (37), the outer contribution to the integral is

T
fﬁ % 7 G = —62.3 + Inn, — 5757, +

27.3n. Ing, — 2.6n.2 + 30.57,% — 21.59,¢ (41)

As long as 9, < 0.5, the convergence of the forementioned
series in %, is good, and the approximate expression for the
temperature ratio given in Eq. (37) is adequate. It should
be emphasized that the outer integral, the contribution out-
side the sheath, makes a significant contribution to the sheath
potential. Combining Egs. (40) and (41), the dimensionless
sheath potential is given by

Vie/kT, = 70.0 — lng, + 211.27, — 27.3n, lng, +
2.6n.2 — 30.57,5 + 21574 (42)

and this expression should be valid as long as 4, < 0.5.

Using the same method of splitting the required integral,
the boundary-layer resistance is obtained from KEq. (33).
Using the sheath thickness %, as the independent variable,
it is natural to introduce a dimensionless boundary-layer
resistance F according to

3 3/2
F = ecDiw RA (”—) (’M"> (43)
P/ \ 2l
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Using a linear temperature profile as just mentioned, along
with the numerical values of Gy given in Fig. 11 for the inner
contribution, and the asymptotic expression for G; given in
Eq. (30), along with the temperature as given in Eq. (38)
for the outer contribution, the dependence of F on 7. is
found to be

F = (9,3/216)(1.155 — 0.0087 lng, + 25.07, —
3.85m, Iny, + 1.16n2 — 1.789, + 1.17n.%) (44)

Again the solution is valid as long as 7, <0.5.

In principle, it is now possible to determine %, as a function
of z from Eq. (39), to plot V.e/kT, and F as functions of
x from Eqgs. (42) and (44), and then to compare the results
with the experimental values given in Sec. II. However,
in order to determine %, as a function of z, one must know
F; as a function of z. This requires a solution of the ambi-
polar diffusion problem in the compressible boundary layer.
Such a solution is relatively straightforward if the ioniza-
tion reaction is frozen, that is, if no appreciable recombina-
tion of ions and electrons takes place in the boundary layer.
A solution ean also be obtained if it is assumed that the ion
and electron concentrations are in thermal equilibrium
throughout the boundary layer. However, the latter solu-
tion would lead to an infinite boundary-layer resistance for
the wall temperatures considered here and is clearly not
appropriate. Unfortunately, a solution of the boundary-
layer diffusion problem with finite recombination rates for
the ionization reaction is beyond the scope of the present
investigation. Therefore, this comparison must be restricted
to the case of frozen flow.

Before any comparison between the theoretical and ex-
perimental values of the dimensionless resistance is made, it
should be emphasized that it is not expected that the theory
is applicable to the full range of applied voltages considered
in the experiments. Since it is required that j < eF; in the
theory, the theory is expected to be applicable only in the
range Vy < V,. However, since the experiments indicate
a resistance that is independent of the current level within
the range of battery voltages considered, a comparison of
the measured values with the linearized theory would seem
reasonable.

In Fig. 12, the dependence of F on z for frozen flow ob-
tained from Eq. (44) is compared with the experimental
values from Fig. 6. It is concluded that recombination
plays an important role in the problem, since the experi-
mental values of the resistance are as much as an order of
magnitude larger than the theoretical values based on frozen
flow. Such a result is hardly unexpected, since consider-
able recombination should oceur in the outer portion of the
boundary layer before the ionization recombination reaction
freezes. Also, if the flow is frozen it can be shown that the
external resistance is greater than the boundary-layer resist-
ance, since the measured resistance is strongly dependent on
2 the boundary-layer resistance must dominate and consider-
able recombination must oceur.

In order to investigate the validity of the theory, the
sheath thicknesses corresponding to the measured boundary-
layer resistances are obtained from Eq. (44) and are plotted
against z in Fig. 13. The boundary-layer thickness is also
included. Certainly a continuum theory for the structure
of the sheath is appropriate. Also, the sheath is sufficiently
thin compared to the boundary layer so that the approxima-
tion of dropping convective terms in the sheath solution
should be valid.

In Fig. 14 the dimensionless sheath potential V.e/kT., for
frozen flow from Eq. (42), is compared with the experimental
values. Two volts have been added to the experimental
results as given in Fig. 7 as a reasonable value for the refer-
ence potential. Also included in Fig. 14 are the values of
the sheath potential corresponding to the linear correlation
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of the data in Fig. 12. It is seen that the predicted magni-
tude of the sheath potential is in good agreement with ex-
periment. However, the dpendence on z is not particularly
good. The reason for this discrepancy is not clear.
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